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Abstract 

A circulant is a Cayley graph over a cyclic group. A well- covered graph is a graph in which all 
maximal stable sets are of the same size a = a(G), or in other words, they are all maximum. A 
CIS graph is a graph in which every maximal stable set and every maximal clique intersect. It is 
not difficult to show that a circulant G is a CIS graph if and only if G and its complement G are 
both well-covered and the product a(G)a(G) is equal to the number of vertices. It is also easy 
to demonstrate that both families, the circulants and the CIS graphs, are closed with respect to 
the operations of taking the complement and lexicographic product. We study the structure of 
the CIS circulants. It is well-known that all i-4-free graphs are CIS. In this paper, in addition to 
the simple family of the P4-free circulants, we construct a non-trivial sparse but infinite family 
of CIS circulants. We are not aware of any CIS circulant that could not be obtained from graphs 
in this family by the operations of taking the complement and lexicographic product. 

Keywords: Circulant, CIS graph, well-covered graph, maximal stable set; maximum stable 
set; maximal clique; maximum clique. 

Math. Subj. Class. (2010): 05C25, 05C69 



1 Introduction 



1.1 Basic concepts and operations 

We consider finite non-directed graphs without loops and multiple edges. A graph G = (V, E) has 
vertex-set V and edge-set E; furthermore, n = \V\ and m = \E\ are called the order and size of G, 
respectively. The complement G of a graph G = (V, E) is the graph with the same vertex-set V 
and the complementary edge-set E = {{x,y} \ x,y £ V, 1/ y, and {x,y} E}. We say that a 
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Foundation). The first author also thanks for partial support the National Science Foundation (Grants CMMI-0856663 
and IIS-1161476). 
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graph G is co-connected if its complement is connected. A co-component of G is a subgraph of G 
induced by the vertex set of a (connected) component of G. 

Let Pi and Cg denote, respectively, the path and cycle of order £. Obviously, P4 is isomorphic 
to its complement. This graph will play an important role in this paper. A graph G is said to be 
P4-free if no induced subgraph of G is isomorphic to P4. 

The complete and edgeless graphs of order £ will be denoted by Kg and Si, respectively. Clearly, 
these two graphs are complementary. A clique (respectively, a stable set) of a graph is a a set of 
pairwise adjacent (respectively, non-adjacent) vertices. The inclusion maximal cliques and stable 
sets in V are called maximal, while the cliques and stable sets of the maximal cardinality (co and 
a, respectively) are called maximum. These numbers uj = oj(G) and a = a(G) are referred to as 
the clique and stability numbers of G, respectively. 

A graph G is called well-covered if every maximal stable set of it is also maximum, that is, of 
size a(G). These graphs are well studied in the literature; see, for example, [7| l8| [T3 | IBU j l3T | l32 | IM] . 

Definition 1. For two vertex- disjoint graphs G and H and a vertex v £ V(G), substituting H into 
G for v means deleting v and joining every vertex of H to those vertices of G which have been 
adjacent to v. The resulting graph is denoted by G V [H]. 

The lexicographic product of graphs G and H is the graph G[H] with the vertex-set V(G) x V(H), 
where two vertices (u, x) and (v, y) are adjacent if and only if either {u, v} € E(G) or u = v and 
{x,y} G E(H) (see, e.g., J2b^): in other words, this graph is obtained from G by substituting H for 
every vertex of G. 

Remark 1. In our paper, the families of graphs closed with respect to lexicographic product and 
taking the complement will play an important role. The classic (and non-trivial) example is provided 
by the family of perfect graphs. The Berge weak perfect graph conjecture asserted that this family 
is closed under taking the complement. Lovdsz 's \2T$ proof of this conjecture is based on the lemma 
stating that the family is closed under the substitution. Fulkerson Pl8\j was very close, but failed to 
prove this lemma. 

1.2 Main results 

In this paper we will study CIS circulants. Some basic facts related to the circulants and CIS graphs 
will be given in the next two subsections of the Introduction. In particular, we recall that both the 
CIS graphs and the circulants are closed with respect to both operations, taking the complement 
and the lexicograpic product. 

It is known that a(G)uj(G) < \V(G)\ for every circulant G; see Section ll.3l We will show 
that a circulant G is CIS if and only if G and G are both well-covered and a(G)uj(G) = \V(G)\; 
see Section [2j The simplest subfamily of the CIS graphs is formed by the i-4-free graphs. The 
characterization of the i-4-free circulants is known; see Section [5j However, it appears that there 
are other CIS circulants. The minimal one is of order 36, it was found by an exhaustive computer 
search; the next two are of order 60, see Section [3.2i 

For every non-negative integer k we introduce the family of fc-paired circulants; see Section [3j 
We show that every i-4-free circulant is fc-paired for some k, yet, the value of k may have to be 
arbitrarily large; see Section [5j We characterize the 2-paired CIS circulants explicitly; see Section [H 
We are not aware of any CIS circulant that cannot be obtained from the 2-paired CIS circulants 
by the operations of taking the complement and lexicographic product. 
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1.3 Circulants 



For a positive integer re we denote by [re] = {1,2,..., n} the set of positive integers up to n. We 
extend this notation to n = by setting [0] = 0. Given a positive integer re, let us consider a set 
of positive integers D C [n — 1] such that d G D 44> re — d £ D. The circulant graph C n (D) is the 
graph with vertex-set Z n in which two distinct vertices i,j £Z„ are adjacent if and only if 

i — j (mod re) G D . 

Note that a circulant is a Cayley graph over a cyclic group. For example, a cycle Cg is the circulant 
graph Cg({l,£ — 1}). In contrast, P4 is not a circulant. 

Whenever we write i + j for two vertices i, j of a circulant C n (D), addition is performed modulo 
re. For a circulant G = C n {D), we write D{G) = D and refer to D as a distance set of G. 

Many graph theoretic properties of circulants can be formulated in terms of arithmetic properties 
of D and re. The following three lemmas are straightforward. 

Lemma 1. The family of circulant graphs is closed under taking complements. 

Furthermore, if G = C n {D) then G = C n {D), where D = [re - 1] \ D. □ 

For two positive integers a and b, we denote by gcd(a, b) the greatest common divisor of a and b. 
Similarly, lcm(a, b) denotes the least common multiple of a and b. This notation naturally extends 
to arbitrary sequences (or sets) of integers. 

Lemma 2. The number c of connected components of a circulant G = C n (D) is equal to 
c = gcd(-D U {re}). In particular, G is connected if and only if gcd(D U {n}) = 1. Moreover, every 
connected component of G is isomorphic to the graph C n / c (D/c), where D/c = {d/c : d G D}. □ 

Lemma 3. A connected circulant G = C n {D) on at least two vertices is bipartite if and only if n 
is even, while every d G D is odd. □ 



The next claim is a little bit more complicated, but also well known; see. e.g., [19} I24j. 

Proposition 1.1. For every circulant G, the inequality a{G)oo{G) < \V(G)\ holds. 

Proof. For completeness, we give here a short proof. Let G be a circulant of order n, let C be a 
maximum clique, and let S be a maximum stable set in G. Fix a vertex jo G S. For every i G C, 
let Si = {i — jo + j I j G S}. Notice that \Si\ = \S\ = a(G) for all i G C. It is enough to show that 
the sets Si are pairwise disjoint, since this will imply 



re > 



^\Si\=J2<x(G) = a(G)u,(G) 
i&c iec 



Suppose for a contradiction that there exist two distinct vertices G C such that S^ D Si 2 7^ 0. 
Let k G S^ H Si 2 . Then, since k G S^, there exists a j\ G S such that k = i\ — jo + jx- 
Similarly, k = 22 — jo + J2 for some j'2 G S, since k G 5j 2 . Therefore, i\ — jo + j\ = 12— jo + ji-, 
implying i\ — 12 = ji — j\. This however is a contradiction, since i\ — ii (mod re) G D(G) (due to 
{h,i 2 } G E(G)), while j 2 - ji (mod re) D(G) (due to {j 2 ,ji} E(G)). □ 

The next statement was shown in |191 124j (perhaps, earlier) and recently rediscovered in |25j . 
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Proposition 1.2. For every two circulant graphs G and H , their lexicographic product G[H] is a 
circulant. In particular, if G = C n (D) and H = C m (F), then G[H] = C nm (T) where 

T = U] l - \D + jn)UnF 

where D + jn = {d + jn : d € D} and nF = {nd : d € F}. □ 

Remark 2. Several classes of circulants were studied in the literature, including well-covered [7| 0, 
W5f . perfect fWjj, odd hole and odd anihole free (Berge) \Wf . minimal imperfect J5\ [2U\I. partitionable 
G2, \M E21 \M \M even hole free |7J/, and kernel-less oriented |3J/. See JXJ} ^ for some 
additional classes of circulants. Each of the above classes of circulants ( explored by computational 
experiments, in many cases) appear to be the closures of some nice and simple subclasses under 
certain natural operations. However, the questions of whether the obtained closures are complete, 
that is, if they contain all circulants with the considered property, are typically open, except for the 
simplest ones, such as connected, bipartite, or P^-free circulants. For example, it is still not known 
whether the number systems suggested in 1956 by de Bruijn 11 Of provide all partitionable circulants 
(see 120]); although such conjecture was verified for all circulants of order at most 36 in ^ and of 
at most 361 in JM/. 



1.4 CIS graphs 

Definition 2. We say that a graph G is a CIS graph or that it has the CIS property if every 
maximal clique C and every maximal stable set S in G intersect, that is, C H S ^ 0. 

Probably Berge was the first who paid attention to this family. In early 90s, Chvatal invited 
his student W. Zang to study it, motivated by earlier observations of Berge and Grillet; see |37] for 
more details. The name CIS (Cliques Intersect Stable sets) was suggested in [2]. 

Lemma 4. The family of CIS graphs is closed under taking complements. 

Proof. This follows immediately from the definition, since Ki and Se are complementary. □ 

The next property just a little bit more difficult; see, for example, [2], where it is extended from 
graphs to a more general case of the so-called d- graphs. 

Lemma 5. For every two graphs G and H and every vertex v € V(G), the graph G V [H] is CIS if 
and only if G and H are CIS. □ 

Sketch of the proof. To show this claim, one should simply compare the maximal cliques 
and stable sets of G and H to those of G V [H\. □ 

Corollary 1. For every G and H, the lexicographic product G[H] is CIS if and only if G and H 
are CIS. □ 

The next statement is also very simple. 

Proposition 1.3. A non-connected graph G is CIS if and only if every connected component of G 
is CIS. A not co- connected graph G is CIS if and only if all of its co- components are CIS. 

Sketch of the proof. One should just compare the maximal cliques and stable sets of the 
graph to those of its connected components (co-components). □ 
For the proof of the next claim see, e.g., [231 . where it is extended from graphs to (i-graphs. 
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Proposition 1.4. Every P^-free graph is CIS. 



□ 



Currently, no good characterization or recognition algorithm for the CIS graphs is known. 
Possible reasons for this as well as more information about CIS graphs can be found in the Appendix. 

2 A characterization of CIS circulants 

Theorem 1. A circulant G is a CIS graph if and only if all maximal stable sets are of size a(G), 
all maximal cliques are of size oj(G), and a(G)u(G) = |V(G)|. 

In particular, both G and G are well-covered whenever G is a CIS circulant. 

Proof. Let G be a CIS circulant of order n. Let C be a maximal clique, and let S be a maximal 
stable set in G. Let c = |C| and s = \S\. Label the vertices of C with distinct labels from the 
set {1, . . . ,c}, to obtain a labeled clique. Label the vertices of S with distinct labels from the set 
{1, . . . , s}, to obtain a labeled stable set. Consider the n rotated copies Cq = C, and C\, . . . , C n _i 
of the labeled clique C, and the n rotated copies So = S, and Si, ... , SVi-i of the labeled stable set 
S. By the circular symmetry of G, every Ci is a maximal clique and every Si is a maximal stable 
set. We will now assign pairs of labels to vertices of G, as follows. For every i £ 7L n and every 
j £ Z n , clique Ci and stable set Sj intersect in a unique vertex Vij € V(G). We assign to v = Vij 
the pair (£1,^2) where t\ is the label of v in Ci and £2 the label of v in Sj. 

Denote by C x S the set of all pairs {(Ci, Sj) | 1 < i,j < n}, and by L = {1, . . . , c} x {1, . . . , s} 
the set of all label pairs. For a vertex v 6 V(G), let L(v) denote the set of label pairs assigned to 
v. Since every pair (Ci,Sj) G C x S generates exactly one label pair assignment, we have 



and consequently n < \C\\S\. Since | C 1 1 5* | < n holds for every circulant (by Proposition II. ip . this 
implies that equality | C 1 1 | = n holds for every maximal clique C and every maximal stable set S. 
Choosing C to be a maximum clique, this implies that every maximal stable sets is of size n/u(G), 
and consequently every maximal stable sets is of size a(G), implying a(G)co(G) = n. A symmetric 
argument can be used to show that every maximal clique is of size oj(G). 

Conversely, suppose that G is a circulant such that all maximal stable sets are of size ct(G), all 
maximal cliques are of size 00(G), and a(G)u>(G) = \V(G)\. Suppose for a contradiction that there 
exists a disjoint pair (C, S) where C is a maximal clique and S is a maximal stable set. Do the 
same labeling procedure as above, assigning a label pair to a vertex in an intersection Ci n Sj only 
if this intersection is nonempty. Now, every pair (Ci, Sj) € C x S generates at most one label pair 
assignment, and in fact the n diagonal pairs (i, i) do not generate any assignment. On the other 
hand, every vertex v € V(G) is assigned at least |C||5| = u(G)a(G) label pairs. Indeed, for every 
i € C and every j € S, the pair (Ci',Sji) € C x S where i! = v — i (mod n) and f = v — j (mod n) 
is a pair of a clique and a stable set such that v 6 CV and v G Sj'. Hence v is assigned a label pair 
when C^ and Sj' are considered. Since the assignments i 1— >• i' and j i-> j' are injective, we indeed 
have ^(v)! > oi(G)oj(G) for all v € V(G). Putting it all together, we obtain the contradicting 
chain of inequalities 




v<=V(G) 



n 2 = na 



(G)u(G) < \L(v)\ <\C x S\-n = n 2 -n. 



vev(G) 
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This implies that G is CIS. □ 

Examples. Let us illustrate Theorem{l\with some examples of non-CIS circulant graphs that violate 
at least one of the three conditions on the right side of the equivalence: 

1. The 5-cycle C5 is a circulant graph in which all maximal stable sets are of size a{C§) = 2, all 
maximal cliques are of size uj(C§) = 2 but a{C^)uj{C^) = 4 < 5 = | V(Cs) | . 

2. The 6-cycle Cq is a circulant graph in which all maximal cliques are of size uj(Cq) = 2 and 
ol{C§)oj{C§) = 6 = |V(Ce)|, however not all maximal stable sets are of the same size. 

3. A similar example, with the role of maximal cliques and maximal sets interchanged, is given 
by the complement of Cq . 

The above examples show that none of the three conditions is implied by the other two, not even 
within the class of circulants. 

Remark 3. For general (non- circulant) graphs neither of the two sides of the equivalence in The- 
orem U\ implies the other one: 

• The 3-vertex path P3 is a CIS graph in which not all maximal stable sets are of the same size. 

• The A-vertex path P4 is a graph in which all maximal stable sets are of the same size, all 
maximal cliques are of the same size, and a(P4)uj(P^) = 4 = |V(P4)|. However, P4 is not a 
CIS graph, since the two midpoints of it form a maximal clique C that is disjoint from the 
maximal stable set S consisting of the two endpoints of the path. 

3 Paired circulants 

Definition 3. For a non-negative integer k, a circulant G = C n (D) will be called fc-paired if there 
exist k ordered pairs of positive integers (ai, 61), . . . , (a^, &&) such that afti \ n for all i £ [k] and 

k 

D = Di , where = |d G [n— 1] : etj | d and aj6j/d| . (1) 

i=l 

If this is the case and k > 1, we will also say that G is the circulant of order n generated by 
a\, b±, ... , afc, bk, and denote it by C(n; a±, b\\ ... ; a*., If k = then D = 0, hence G is edgeless; 
in this case we will use the notation C(n; 0). A circulant that is k-paired for some k is called paired. 

Remarks. 

1. If d € D then n — d € D, as required. Indeed, if d E [n — 1] such that ai \ d and aibi^d then 
ai I n — d (since ai \ n) and aibi^n — d (since aibi \ n). 

2. In the definition of a k-paired circulant, we allow repetition of pairs and addition of the 
pair (1,1). While neither of these operations change the graph), allowing them has the nice 
property that the classes of k-paired circulants form an increasing family of classes of paired 
circulants: if k < I, then every k-paired circulant is also l-paired. 
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Examples. 

1. The edgeless graph S n of order n is a O-paired circulant: S n = C(n;0). The complete graph 
K n of order n is a 1-paired circulant: K n = C(n; l,n). 

2. For every 1-paired circulant G = C(n;a,b), its complement G is 1-paired. Indeed, d 6 D(G) 
if and only if either a \ d or ah \ d. Hence, G = C{n\ 1, a; ab, n). 

Furthermore, for every 1-paired circulant G = C(n;a,b) with a = 1 or b = 1, its complement 
G is also 1-paired. More specifically, if G = C(n; 1,6) then G = C(n;b,n/b), while if G = 
C(n; a, 1) then G is edgeless and G = C(n; 1, n) (for example). 

3. A cycle C n of order n is a paired circulant if and only if n € {3,4,6}. Paired circulant 
representations of C%, C4 and Cq are: 

C 3 = C(3;1,3), C 4 = C(4;1,2), C 6 = C(6; 1, 2; 1, 3) . 



3.1 CIS paired circulants 

The family of paired circulants is a good source of CIS circulants. Our first infinite family of CIS 
paired circulants is given by the 1-paired circulants, generalizing the complete and the edgeless 
graphs (which are obviously CIS). 

Theorem 2. Every 1-paired circulant is CIS. 

A proof of Theorem [2] will be given in Section [5j 

The following theorem shows that the problem of characterizing CIS /c-paired circulants can be 
reduced to the case of connected and co-connected /c-paired circulants. 

Theorem 3. Let G be a k-paired circulant of order n generated by a±, b\, . . . , at, bk- Then: 

(i) If G is not connected, then b{ > 1 for some i € [k] and d = gcd({<2j : i £ [fc] and hi > 
1}) > 1. Furthermore, G is CIS if and only if the k-paired circulant of order n/d generated 
by ai/d, b\, . . . , a^/d, b^ is CIS. 

(ii) If G is not co-connected, then there exists some I G [k] such a£ = 1. Moreover, for each such 
integers I, graph G is CIS if and only if either k = 1 or k > 2 and the (k — l)-paired circulant 
of order n/be generated by A\,B\, . . . , A^_i, Bi_i, Ae + i, -E^+i, . . . , A^, is CIS, where for all 
i £ [k] \ {£} we have 

a ai j r i, Scd(ai,b e ) 

Ai = — — and Bi = o, • 



icd{ai,bi) gcd(aibi,bi) 



A proof of Theorem [3] will be given at the end of Section | 
For k = 2, we complete the characterization of CIS fe-paired circulants in the following theorem. 

Theorem 4. Let G be a connected and co-connected 2-paired circulant of order n generated by 
01,61,02,62- Then, G is CIS if and only if gcd(ai&i, CI2&2) = 1- 

A proof of Theorem [J] will be given in Section [U 
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3.2 Examples of CIS and non-CIS paired circulants 

We now give some concrete examples of CIS and non-CIS paired circulant graphs. In order to 
describe their maximal cliques and maximal stable sets, the following notation will be useful. Let 
G be a circulant of order n. Given a sequence of positive integers a = (d\, . . . ,d r ), such that 
Yll=i d-i = n, we say that a set of vertices X C V(G) is generated by a if there exists a vertex 
i € V(G) such that 



X = h + ^dj : 1 < p < r\ 
< .7=1 J 



.)-- 

Notice that i € X since Y2i=i di = n and additions are performed modulo n. For a positive integer 
p and an arbitrary sequence of positive integers a, we denote by a p the sequence obtained by 
concatenating p copies of a. More formally, if a = {d\, . . . , d r ), then 

CT^rf),...,^),...,^,...,^), 

where dj = dj for all i € [p]. The lists of maximal stable sets and maximal cliques for examples 
below were obtained with the help of the code MACE (MAximal Clique Enumerator, ver. 2.0) for 
generation of all maximal cliques of a graph due to Takeaki Uno [35] . 



1. Let G be the 2-paired circulant C(12; 2, 2; 3, 2). By Propositions 13.31 and 13.51 respectively, G 
is connected and co-connected. According to Theorem [U G is not CIS. Its distance set is 

D = D 1 UD 2 

= {2,6, 10} U {3, 9} 
= {2,3,6,9,10}. 

Every maximal clique of G is generated by some sequence from the set 

{(2,10),(3) 4 }- 

Maximal cliques are of two different sizes, namely 

6i& 2 gcd(a 2 ,ai&i) &i6 2 gcd(ai, a 2 b 2 ) . 

and 



gcd(ai6i,a 2 6 2 ) gcd(cn&i, a 2 b 2 ) 

(cf. Proposition 14 . 1 1 on p.Q3]and Proposition 14.21 on p. I14p . 

Every maximal stable set of G is generated by some sequence from the set 

{(1,4,7),(1,7,4),(4) 3 }- 
All maximal stable sets are of size 3. 

An example of a pair (C, S) such that CdS = where C is a maximal clique and S a maximal 
stable set of G is given by C = {0, 2} and S = {1, 5, 9}. 



S 



2. Let G be the 2-paired circulant C(36; 2, 2; 3, 3). By Propositions 13.31 and 13.51 respectively, G 
is connected and co-connected. According to Theorem HJ G is also CIS. Its distance set is 

D = DiUD 2 

= {2, 6, 10, 14, 18, 22, 26, 30, 34} U {3, 6, 12, 15, 21, 24, 30, 33} 
= {2, 3, 6, 10, 12, 14, 15, 18, 21, 22, 24, 26, 30, 33, 34} . 

Every maximal clique of G is generated by some sequence from the set 

{(2,10) 3 ,(3,3,12) 2 ,(6) 6 }- 

All maximal cliques are of size 61&2 = 6 (cf. Proposition 14.21 on p. [T4")) . 
Every maximal stable set of G is generated by some sequence from the set 

{(1, 4, 4, 19, 4, 4), (1, 7, 1, 8, 11, 8), (4, 5, 4, 7, 9, 7)} . 

All maximal stable sets are of size a\a2 = 6 (cf. Proposition 14.61 on p.[T7J). 

3. The 2-paired circulant G = C(60; 2, 2; 3, 5) of order 60 is a connected and co-connected CIS 
circulant. Its distance set is 

D = D l UD 2 

= {2, 6, 10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50, 54, 58} 

U{3, 6, 12, 15, 21, 24, 30, 33, 39, 42, 48, 51, 57} 
= {2, 3, 6, 10, 12, 14, 15, 18, 21, 22, 24, 26, 30, 33, 34, 38, 39, 42, 46, 48, 50, 51, 54, 57, 58} . 

Every maximal clique of G is generated by some sequence from the set 

{(2, 10) 5 , (3, 3, 3, 3, 18) 2 , (3, 3, 6, 12, 6) 2 , (3, 6, 3, 9, 9) 2 , (6) 10 } . 
All maximal cliques are of size 6162 = 10. 

Every maximal stable set of G is generated by some sequence from the set 

{(1, 4, 11, 4, 25, 15), (1, 7, 8, 29, 8, 7), (1, 15, 1, 15, 13, 15), (1, 15, 25, 4, 11,4), 
(4, 4, 7, 4, 4, 37), (4, 11, 4, 13, 15, 13), (5, 8, 7, 8, 17, 15), (5, 15) 3 , (5, 15, 17, 8, 7, 8)} . 

All maximal stable sets are of size 0102 = 6. 

4. Another example of a connected and co-connected CIS circulant on 60 vertices is given by 
2-paired circulant G = C(60; 2, 2; 5, 3). Its distance set is 

D = DiUD 2 

= {2, 6, 10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50, 54, 58} U {5, 10, 20, 25, 35, 40, 50, 55} 
= {2, 5, 6, 10, 14, 18, 20, 22, 25, 26, 30, 34, 35, 38, 40, 42, 46, 50, 55, 54, 58} . 

Every maximal clique of G is generated by some sequence from the set 

{(2,18) 3 ,(5,5,20) 2 ,(6, 14) 3 ,(10) 6 }- 
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All maximal cliques are of size 6162 = 6. 

Every maximal stable set of G is generated by some sequence from the set 

{(1, 3, 4, 4, 4, 29, 4, 4, 4, 3), (1, 3, 4, 8, 1, 15, 13, 4, 4, 7), (1,3, 4, 8, 21, 8, 4, 3, 1, 7), 
(1,3,8,1,3, 12, 17, 4, 8, 3), (1,3, 8, 4, 17, 12, 3, 1,8, 3), (1,3, 9, 3, 1,11, 4, 13, 4, 11), 
(1, 3, 9, 3, 12, 9, 8, 4, 3, 8), (1, 3, 12, 1, 15, 1, 12, 3, 1, 11), (1, 7, 1, 7, 1, 7, 8, 13, 8, 7), 
(1, 7, 4, 4, 13, 15, 1, 8, 4, 3), (1, 7, 8, 1, 12, 3, 12, 1, 8, 7), (1, 8, 3, 4, 8, 9, 12, 3, 9, 3), 
(1, 8, 4, 3, 8, 4, 9, 8, 7, 8), (1, 8, 7, 8, 9, 4, 8, 3, 4, 8), (3, 4, 4, 4, 9, 15, 9, 4, 4, 4), 
(4, 4, 7, 4, 4, 9, 4, 11, 4, 9), (3, 9) 5 }. 

All maximal stable sets are of size a\a2 = 10. 

5. By Corollary [H CIS graphs are closed under lexicographic product, and, by Proposition 13.11 
(on p. HOp . so are the paired circulants. Therefore, CIS paired circulants are also closed under 
lexicographic product. For example, the lexicographic product G = H[H], where H is the CIS 
2-paired circulant C(36; 2, 2; 3, 3), is a CIS 4-paired circulant C(1296; 2, 2; 3, 3; 72, 2; 108, 3). 
This also shows that there exist CIS fc-paired circulants for arbitrarily large k. 



3.3 Properties of paired circulants 

In the rest of this section, we prove some results for general fc-paired circulants. 

Proposition 3.1. The family of paired circulants is closed under the lexicographic product. More 
specifically, if G = C(n;a\,b\; . . . ;afc,6fc) and H = C(m; a'i, 6^; . . . ; o!^, b'g), then, 

G[H] =i C(nm;ai,br, . . . ; a k , h; nai, b[; . . .;na' e ,b' e ) . 

Proof. Let G = C{n; a±, bi; ... ; a^, bk) and H = C(m; a' 1} b'^, . . . ; a' e , b' e ). Denoting by D and F the 
distance sets of G and H, respectively, we have 

k 

D = <yd £ [n — 1] : ai\ d and aj6j/d| 
i=l 

and 

1 

F = (J {/ e [m- 1] : <4 I / and a$//} . 
j"=i 

By Proposition OJ we have G[fl] = C nm ,(T) where T = U^(D + jn) U nF . To estab- 
lish the proposition, we will show that T is equal to the distance set T' of the paired circulant 
C(nm; a±, 61; . . . ; naj, 6^; . . . ; na' e , b' e ), which is given by the expression 

k e 
T' = (J jt G [nm - 1] : a* | f and a^/i} U |J |t € [nm - 1] : raa^ | t and no^- 

1=1 j=l 

First, let t £ T. Then, either there exists an integer j £ [0, m — 1] such that t € D + j?i or 
t G nF. 
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In the former case, t = d + jn for some d G D and j G [0, m — 1]. Let i G [k] be an integer such 
that Oj | d and aibi / d. Since <2j6j | n, we have that | t and aj&j / t. Since j € [0, m — 1] and 
<i G [n — 1], it follows that t = d + jn G [mn — 1]. Hence i G T'. 

In the latter case, t = nf for some / G F. Let j G be an integer such that a'- | / and a'jb'j / /. 
Since a'- | / and a'jb'j | m, we have that na'j \ t and na'jb'j j( t. Since / G [m — 1], it follows that 
i G [mn — 1]. Hence £ € T' . 

Second, let t G T' . Then, t G [nm — 1], and either there exists an integer i G [k] such that aj | t 
and dibi)(t, or there exists an integer j G [£] such that na^ | t and na^j 

In the former case, let i G [k] be an integer such that ai \ t and cubist. Let tf = t (mod n) and 
j = (t — d)/n. If d = then n divides i, which is impossible since a,6j / i. Hence, d G [n — 1] and 
<2j j <i and aibi\d (since | n). Since d < t, integer j is non-negative. Moreover, j < m — 1, since 
otherwise we would obtain a contradicting chain of inequalities nm < t — d < t < nm — 1. This 
implies that t = d + jn for some d G D and j G [0, m — 1], hence t G T. 

In the latter case, let j G [£] be an integer such that na'j \ t and na'jb'j \t. Let / = t/n. Since 
| 2, it follows that / is an integer. Clearly, / > 0, and also / < m — 1, since otherwise t > nm. 
Hence, / G [0, m — 1]. Furthermore, the definition of / together with the properties na'j \ t and 
na'jb'j \t imply that a'j \ f and a'jb'j / /. Consequently, / G F, and t G nF CT. □ 

Proposition 3.2. Suppose that G is the circulant of order n generated by ai,b\, . . . ,ak,bk where 
k > 1. Let d = lcm(ai6i, . . . , 0^6^). Then, G is isomorphic to the lexicographic product of 
C(d;ai,bi;...;a k ,b k ) and S™. 

Proof. First, recall that the edgeless graph S™ is isomorphic to the 0-paired circulant C(^;0). By 
Proposition 13.11 the lexicographic product of paired circulants C(d; ax, b\\ . . . ; a k , bk) and 5™ = 
C(^; 0) is isomorphic to the fc-paired circulant C(n; ai, b\\ . . . ; a k , b k ) = G. □ 

Proposition 3.3. Let G be a k-paired circulant G = C(n; a\, b±; . . . ; a k , b^)- Then, the number d 
of connected components of G is equal to 

, _ ( n, if bi = 1 for all i G [k]; 

\ gcd(j4), otherwise; 

where A = {ai : i G [k] and bi > 1}. In particular, G is connected if and only if either n = 1 or 
bi > 1 for some i G [k] and gcd(j4) = 1. Furthermore, G is isomorphic to the lexicographic product 
of the edgeless graph Sd and the k-paired circulant C(^; b\\ . . . ; 

Proof. First, let us show that the number of connected components of G is indeed given by the 
above expression. By LemmaH it is enough to show that d = gcd(Z?U{n}), where D is the distance 
set of G given by ([1]). If bi = 1 for all i G [k] (in particular, this is trivially the case if /c = 0), 
then G is edgeless and d = n, as specified by the expression. Suppose now that bi > 1 for some 
i G [k]. Since bi > 1 for every G A, we have G D. Therefore, A <Z DU {n}, and every common 
divisor of D U {n} is also a common divisor of A, which shows that gcd(A) > gcd(D U {n}). On 
the other hand, the definition of /c-paired circulants implies that every common divisor of A is also 
a common divisor of D U {n}, which shows that gcd(D U {n}) > gcd(^4). 

To prove the last part of the proposition, we proceed as in the proof of Proposition 13.21 The 
edgeless graph is isomorphic to the 0-paired circulant C(d; 0). Moreover, by Proposition 13. 1\ the 
lexicographic product of paired circulants Sd = C(d; 0) and C(§; b\ \ . . . ; b k ) is isomorphic to 
the fc-paired circulant C(n; oi, . . . ; a k , b k ) = G. □ 
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To prove Proposition 13.51 below, we will need the following straightforward observation relating 



,d G[H] are isomorphic. □ 



the operations of the lexicographic product and the complement. 

Proposition 3.4. For every two graphs G and H, the graphs G[H] an 

Proposition 3.5. A k-paired circulant G = C(n;ai,&i; . . . ;afc,6fc) is co-connected if and only if 
either n = 1 or a, > 2 for all i € [k]. Furthermore, if there exists an I € [A;] such that ag = 1, then 
for every such I, graph G is isomorphic to the lexicographic product of the complete graph Kf, e and 
the (k — 1) -paired circulant of order n/bg generated by A±, B±, . . . , Ag-i, Bg-i, Ag + i, Bg+i, . . . ,Ak,Bk 
such that for all i E [k] \ {£} we have 



A,= * and A-i ^ M 



icd(ai,b e ) % gcd(aibi,b e ) ' 

Proof. Let us first show the first part of the proposition, that is, that G is co-connected if and only 
if either n = 1 or a, > 2 for all % £ [k] . 
The case n = 1 is trivial, so let n > 2. 

Suppose first that G is co-connected, and suppose for a contradiction that at = 1 for some 
£ € [fc]. By definition of D, if ^ / d and rf £ [n — 1], then d € D. Hence, every distance in the 
complementary distance set D = [n — 1] \ D is divisible by 6^. In particular, gcd(D) > bg > 1, and 
Lemma [2] and Lemma [T] imply that the complementary circulant G is not connected, contrary to 
the assumption that G is co-connected. 

Suppose now that at > 2 for all i G [k]. Then, by the definition of D we have 1 £ D, which, by 
Lemmas [1] and [2] implies that the complementary circulant G is connected. 

To prove the last part of the proposition, suppose that i £ [k] is such that ai = 1. For simplicity, 
let us assume that l = \. 

First, we handle the case when k = 1. In this case G = C(n; 1, &i), and its complement G is the 
1-paired circulant G = C{n\b\,n/b\). Hence, by Proposition 13.31 the graph G is isomorphic to the 
lexicographic product of the edgeless graph Sb 1 and the 1-paired circulant C(n/b\\ 1, njb\). Con- 
sequently, since C{n/b\\\,n/b\) is the complete graph of order n/bi, Proposition 13.41 implies that 
graph G is isomorphic to the lexicographic product of the complete graph and the (edgeless) 
0-paired circulant of order njb\. This establishes the proof for the case k = 1. 

Now, suppose that k > 2. We will show that the distance set of G is equal to the distance set 
of the lexicographic product of graphs Sfa and G', where G' is the (k — l)-paired circulant defined 
in the proposition. Since both G and [G 1 ] are circulant graphs on n vertices, the claim will then 
follow from Proposition 13.41 We have the following: 

• The distance set of the graph G is equal to 

k 

D = id e [n - 1] : 61/ d} U (J |d 6 [n - 1] : a { \ d and Oi&»/dj . 

i=2 

• The distance set of the graph G is equal to 

T = [n-l]\D 

k 

= h G [n - 1] : 61 I tj n P| h £ [n - 1] : a^t or a-M \ t\ 

i=2 

= jfeit' : t' e [n/h - 1] and (Vz G {2, . . . , or aA | 6i*')} • 
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• The distance set of the graph G' = C(n/b\\ A2, B2; ■ ■ ■ ; Ak,Bk) is equal to 

k 

D' = {J jd' € [n/61 - 1] : At I d' and A;5jd'} . 

i=2 

• The distance set of the graph G' is equal to 

T' = [n/h-l]\D> 

k 

= n g t n / &i - x i = a */ </ ° r ^ 1 *'} • 

• By Proposition [L2j the distance set of the lexicographic product of graphs and G' is equal 
to 

h-T' = h ■ (fl jV G - 1] : AJt' or A { B t \ t'^j 

= hit' : t' G [n/61 - 1] and (Vi G {2, . . . , )(t' or | t')} 

= j&it' : i' G [n/61 - 1] and (Vi G {2, . . . , k})(ai jfbrf or a i b i \b l t 1 )^ 
= T. 

Only the third equality above requires some justification. The equality follows from the 
following two equivalences: 

Ai I t' if and only if ai | bit' (2) 
AiBi I tl if and only if ajbj | bit' (3) 

Let us verify these two equivalences. For ([2]), observe that, on the one hand, if Ai \ t' then 
there exists an integer r such that 

, , raj 
t' = rAi 



gcd(ai,6i) 
therefore 

gcd(a;,6i) 

where 

/ 6ir 



r 



gcd(aj,6i) 

is integer, and consequently Oj | bit'. On the other hand, if Oj | bit' , then there exists an 
integer r such that 

bit' = rai = r gcd(aj, bi)Ai . 
Since Ai and 61 are relatively prime, this implies that Ai \ t' . 
Equivalence ([3]) can be proved similarly, using the fact that 

AiBi = aibi . 
gcd(ai&i,6i) 



13 



□ 

Proof of Theorem [3J 

Proof (Theorem^. Part (i) of the theorem follows from Proposition 13.31 and Corollary[TJ Similarly, 
part (ii) follows from Lemma [U Proposition 13.51 and Corollary [TJ □ 

4 CIS 2-paired circulants 

In this section, we prove Theorem SJ The theorem will be derived in Section [4.31 from the results 
of the previous sections and of the rest of this section. More specifically, in Sections 14.11 and 14.21 
we will analyze the structure of maximal cliques and maximal stable sets in 2-paired circulants, 
respectively. 

4.1 Maximal cliques 

Let G be a 2-paired circulant of order n generated by a\, b±, a,2, &2- We say that a clique C in G is 
an a\-clique if i = j (mod ai) holds for every two vertices i, j £ C. Similarly, a clique C is said to 
be an a2-clique if i = j (mod a 2 ) holds for every two vertices i, j € C. 

Proposition 4.1. Every clique C in the graph C(n; a\, b\; a 2 , 62) is either an a\-clique or an a 2 - 
clique. 

Proof. Let C be a clique in G. It follows directly from Definition [3] that every two vertices i,j € C 
satisfy either i = j (mod ai) or i = j (mod 02) (or both). Suppose that C is not an ai-clique. 
Then, the relation of congruence modulo a\ has at least two equivalence classes C±, . . . ,C r . We 
claim that in this case, every two vertices i,j € C are congruent modulo 02- Indeed, if i ^ j 
(mod ai) then, as observed above, this implies i = j (mod 02 )• On the other hand, if i = j 
(mod ai), then i and j belong to the same equivalence class C p . Let k be an arbitrary vertex from 
an equivalence class Cy such that p' 7^ p. Then, i = k (mod 02) and k = j (mod 02), and thus, 
since the relation of congruence modulo ei2 is transitive, we infer that i = j (mod 02) holds as well. 
Thus, C is an <Z2-clique in this case. □ 

Proposition 4.2. Every maximal a\-clique in the graph C(n; a\, 61; 02, 62) such that n = 
lcm(ai&i, 0262) is of size exactly 

bib 2 gcd(a 2 ,aibi) 
gcd(ai6i,a 2 6 2 ) 

Every maximal a2-clique in the graph C(n; a\, b±; 02, 62) such that n = lcm(ai&i, 0262) is of size 
exactly 

bxb 2 gcd (01,02^2) 
gcd(ai6i,a 2 fe 2 ) 

Proof. Let C be an ai-clique in the graph C(n; ai, b\\ 02, ^2)- Due to the circular symmetry of G, 
we may assume that € C. Hence, every vertex i € C can be written in a unique way as 

i = ai ( Ti + ( en + — — — — — ) 61 

y V gcd(a 2 ,ai0i)y J 
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for some n g [0, h - 1], a, € [0, _ 1], and *< g [0, - 1]. 

We claim that if rj = rj for some z, j g C, then aj = Oj. Indeed, suppose that rj = r^- but (say) 



a-i > ctj. Then 



aih [ (oi - aj) + (tj - tj^- 



aiM (a-i - aj) + (tj - tj] 



gcd(a 2 ,ai6i) 
a 2 lcm(a 2 , ai^i) 



ai6ia 2 

= a\bi(ai - aj) + (tj - tj)lcm(a 2 , cq&i) . 

Hence, i = j (mod ai&i). Moreover, since ai6i(aj — aj) < a\b\ gcd^aA) = l cm (°2 ; ai&i), the 
definition of the least common multiple implies that a 2 / a\b\(ai — aj). Consequently, i ^ j 
(mod o 2 ), which contradicts the fact that i and j are adjacent. 

The above observation implies that for every i g C, the value of is uniquely determined with 
the value of rj. Thus, «j is a function of rj, and we write = a(rj). Consequently, if rj = r,- and 
tj = for some j g C, then i = j. 

Therefore, for every r g [0, b\ — 1] there exists at most one a r g [0, gc d(a 2 2 ai0l — 1] sucn that 
there exists a vertex i g C with rj = r and «j = a r . Moreover, for every such pair (r, a r ) and every 

t g [0, gcd(aifei 0262) — ^' t nere is a t most one vertex i £ C such that rj = r, aj = a r , and tj = t. 
Hence, the total number of vertices in C is at most 

6 2 gcd(a 2 ,ai6i) _ hb 2 gcd(a 2 , cq6i) 



gcd(ai&i,a 2 £> 2 ) gcd(ai&i, a 2 6 2 ) 

To conclude the proof, suppose for a contradiction that C has strictly less than & g^^" 
vertices. We analyze two cases. 

Case i. There exists an integer f g [0, 61 — 1] such that there is no vertex i g C with rj = f. 

Let i = a\b\f . Clearly, i is a vertex of G, and the assumption on f implies that i g" C. We claim 
that i is adjacent to every i g C. Indeed, for every i g C we have 

i - « = ai I (f - rj) - ( aj + t 



cd(a 2 , ai6i) 



Hence, i = i (mod ai) but i ^ i (mod a\b\) and consequently i is adjacent to i. Since the choice 
of i g C was arbitrary, this contradicts the maximality of C. 

Case 2. For every integer r g [0, b\ — 1] there exists a vertex i g C with n = r. 
In this case, the above derivation of the inequality |C| < ^^f^|~^~|^ together with the 
assumption that the inequality is strict imply that there exist integers f, t with f g [0, b\ — 1], and 
t g [0, &2 f? d ^ 2 ' ai ^\^ — ll such that no vertex i G C satisfies r j = f and tj = t. 

L ' ecd ai 01 .aobo J t * 



gcd(ai 61,0262) 

Let 



Oi I f + I a(f) + t 



gcd(a 2 ,ai&i 

It is easy to verify that i g [n — 1], that is, i is a vertex of G. Moreover, by the choice of f and 
t, we have i g" C. We will reach a contradiction with maximality of C by showing that vertex i is 
adjacent to every vertex i g C. 
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For i E C with rj 7^ f, we derive (similarly as in Case 1 above) i = i (mod ai) and i ^ i 
(mod ai&i); consequently i is adjacent to i. 

Suppose now that vertex i £ C is such that rj = f . Then aj = a(f) and tj 7^ t. Therefore 

. ~ ai6ia 2 (ij-t) 

2 — % = 

gcd(a 2 ,ai&i) 
= lcm(o2, a\b\){ti — t) . 

Hence, a 2 \ i — i, and also a±bi \ i — i. If also a 2 6 2 | i — i, then lcm(ai6i, a 2 6 2 ) = n \ i — i, which is 
impossible since 1 < \i — i\ < n — 1. Therefore i = i (mod a 2 ) but z ^ i (mod a 2 6 2 ), which implies 
that i and i are adjacent. 

This completes the proof of Case 2 and with it the proof of the first part of the proposition. 

The second part follows by symmetry. □ 

Corollary 2. All maximal cliques in the graph C(n; a±,bi; a 2 , 6 2 ) such that n = lcm(ai6i, a 2 6 2 ) are 
of the same size if and only if gcd(a 2 , a\bi) = gcd(ai, a 2 6 2 ) . 

4.2 Maximal stable sets 

Let us now consider maximal stable sets in a 2-paired circulant G of order n generated by 
01,61,02,62- such that n = lcm(ai6i, a 2 6i). To every pair of distinct non-adjacent vertices i 
and j in G, let us associate a two dimensional label £(i,j) € defined by 

£(i,j)i=i—j mod ai and £{1,3)2 = i — j mod a 2 . 

Pairs (i,j) of distinct non-adjacent vertices of G will also be referred to as directed non-edges (of G). 

Proposition 4.3. For every directed non-edge (i,j) of G = C(n; a\, 61; o 2 , 62) such that n = 
lcm(ai6i, a 2 &i), we have £(i,j) 7^ (0,0). 

Proof. Suppose that £(i,j) = (0, 0) for a directed non-edge (i, j) of G. Then i = j (mod ai) and i 
j (mod a 2 ). Since i and j are non-adjacent, i = j (mod ai) implies i = j (mod ai6i) and similarly, 
i = j (mod a 2 ) implies i = j (mod a 2 6 2 ). Consequently, i = j (mod n), a contradiction. □ 

Proposition 4.4. If (j,k) and (k,i) are directed non-edges of G = C(n; a±, b±; a 2 , 6 2 ) such 

that n = lcm(ai6i, a 2 6i), then 

+ k)i + £(k, i)i = (mod ai) 

and 

j)a + £(j, k) 2 + £(k, 1)2 = (mod a 2 ) . 
Proof. By symmetry, it suffices to prove the first congruence. We have 

t(i,j)i + £(J, fc)i + A*. »)i = (* - 3) + {j -k) + (k-i) = (mod ai) . 

□ 

Proposition 4.5. Lei S be a maximal stable set inG = C(n; ai, 61; a 2 , 6 2 ) suc/i i/ia£ n = lcm(ai6i, a 2 6i). 
Suppose that G 5. Then, for all j,j' € S \ {0} suc/i i/toi j 7^ j' , we have £(0,j) 7^ £(0,j'). 
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Proof. Suppose that £(0,j) ^ £(0, j') for some j,j' S S \ {0}. Then — j = — j' (mod ai) as well 
as — j = — j' (mod 02). Hence a± \ j' — j and 02 | j' — j. Since j' and j are non-adjacent, we 
have a\b\ \ j' — j and similarly 0262 I j' — j- Consequently, n\ f — j, which implies j' = j. □ 

Propositions 14.31 and 14.51 together with the circular symmetry of G imply the following. 

Corollary 3. Every maximal stable set S in G = C(n; a±, b\\ 02, 62) such that n = lcm(ai6i, 0261) 
satisfies \S\ < 0102- 

Proposition 4.6. If gcd(ai&i, 02^2) = 1 then every maximal stable set S in G = C(n; a±, b\\ 02, 62) 
such that n = lcm(ai&i, a2&i) satisfies \S\ = a\a2- 

Proof. Suppose that gcd(ai&i, 0262) = 1 and that S is a maximal stable set in G such that | | < 
aict2. Due to the circular symmetry of G, we may assume that G S. Let F = {£(0, j) : j € 5\{0}}. 
Let (u, v) be an arbitrary element of the (nonempty) set 

([0,ai-l] X [O.az-l]) \ (>U{(0,0)}) . 

We will show that there exists a vertex x S V(G) \ S such that S U {x} is a stable set, where x 
is of the form 

x = u + aa\ + 70161 = v + /3a2 + 00262 (4) 

for some a, /3, 7, 5 such that a € [0,&i — 1], (3 € [0,62 — 1], 7 £ [0,0262 — 1], S € [0,oi6i — 1], and, 
in addition, the following conditions are met: 

if it = then a = , (5) 

if v = then /3 = . (6) 
To this end, let us consider first the following congruence: 

u + aai + 70161 = v + /3a2 + £0262 (mod n) . (7) 

Claim 1. For every two integers a and j3, there exist integers 7 € [0,0262 — 1] and 8 £ [0, 0161 — 1] 
such that equation ([7|) holds. 

Proof. Since 0161 and 0262 are relatively prime, the Diophantine equation 

01617' — O2&20 7 = v — u + /3a2 — aoi 

has a solution (7', 5'). Taking modulo n both sides and shifting 7' and 5' by an appropriate multiples 
of 0262 and a±bx, respectively, we can find 7 and 5 satisfying the conditions of the claim. □ 

Let us partition the set S \ {0} into three pairwise disjoint subsets Si, S2, S3, where 

5 1 = {jeS\{0} : (3v')(£(0,j) = (u,v>))}, 

5 2 = {j G S \ {0} : (3u')(£(0,j) = (u',v))}, 
S 3 = {jeS\{0} : £(0,i)i^M(0,i) 2 ^t;}. 
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Claim 2. Suppose that Si 7^ 0. Then, there exists an integer a G [0,6i — 1] and integers Xj for 
j G Si such that for all j G Si, it holds that 

j = u + aai + Ajai6i . 

Furthermore, if u = then a = 0. 

Proof. By the definition of Si, every j G Si satisfies j = u (mod a{), and if u = then j = u 
(mod ai&i). This implies the claimed form of j with a possibly depending on j. It also implies 
that if u = then a = 0. 

If I Si I > 1, then for every two distinct elements j,j' £ S we have 

j = u + aai + Xjaibi 

and 

j = u + a'ai + Aj/ai&i , 

which implies 

j - f = (a- a')ai + (Xj - Xj/)aibi . 

Since {j,j'} is a non-edge in G and since ai \ j — j' , we must have a = a' (mod 61). □ 

By symmetry, we can also show the following. 

Claim 3. Suppose that S2 7^ 0. Then, there exists an integer (3 G [0,62 — 1] and integers fij for 
j G S2 such that for all j G S2, it holds that 

j = v + /3a 2 + /ija2&2 • 

Furthermore, if v = then f3 = 0. 

Now we are ready to define x. If Si 7^ then we set a according to Claim [2j If Si = then we 
set a = 0. Analogously, if S2 7^ then we set j3 according to Claim EH If S2 = then we set j3 = 0. 
Finally, we set 7 and 5 according to Claim [H and set x as in equation @. 

Claim 4. Vertex x is not adjacent to vertex 0. 

Proof. By the definition of x, we have x = u (mod ai) and x = v (mod a 2 )- If u 7^ and f 7^ 0, 
then the claim is implied. 

If u = then we also have that x = (mod ai&i) by Claim [2] if Si 7^ and by the definition of 
a if Si = 0. In this case, v 7^ (since (n, t>) 7^ (0, 0)), therefore x ^ (mod 02), proving the claim. 

Analogously, Claim [3] and the definition of (3 imply that x is non-adjacent to if v = 0. □ 

Claim 5. For every j € Si, vertex x is not adjacent to vertex j. 
Proof. Let j £ Si. 

By the choice of (u,v), we have £(0,j)2 = v' ^ v. Since x = v (mod 02), we have that a2/( x — j. 
Let us also note that by Claim [2] and by the definition of x, we have x — j = (7 — Xj)aibi, hence 
ai&i j x — j, proving the claim. □ 

An analogous proof shows the following. 
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Claim 6. For every j € S2, vertex x is not adjacent to vertex j. 
Claim 7. For every j € S3, vertex x is not adjacent to vertex j. 

Proof. Let j £ S3. By the definition of S3, we have £(0, j)\ = v! 7^ u and ^(0, .7)2 =v'^v, therefore 
a i K x ~ 3 an d a-2 K x — j. □ 

Since by the choice of (u, v), vertex x cannot belong to S, the above claims imply that S cannot 
be a maximal stable set, which proves the statement of the proposition. □ 

Proposition 4.7. Suppose thata\ > 1, 02 > 1, gcd(oi,a2&2) = gcd(a2,ai&i) = 1 but gcd(&i, 62) > 1- 
Then, the graph G = C(n; ax, b\\ 02, 62) such that n = lcm(ai&i, c^i) has a stable set S' of size 3 
such that for all stable sets S with S' C S, it holds that \S\ < a\a2- 

Proof Without loss of generality, we may assume that 02 > 3. Let a = 02 ■ gcd (61,62)) and let f3 
be an integer such that 

2 + /3a 2 = (modai&i). (8) 

Such a solution exists in the range [0, a\b\ — 1] since gcd(<22,ai&i) = 1. 

Let i = 1 + aa\ and j = 2 + (3a2- By the definition, we have i 7^ and j 7^ 0, moreover i 7^ j 
since i = 1 (mod 02) (as 02 | a) while j = 2 (mod 02). We claim that the set S' = {0,i,j} is a 
stable set: 

• We have i ^ (mod a±), and the definition of a implies that i ^ (mod 02). Therefore 
vertex i is not adjacent to vertex 0. 

• We have j = (mod ai^i) and j = 2 ^ (mod 02). Therefore vertex j is not adjacent to 
vertex 0. 

• We have % = 1 (mod 01) and j = (mod ai), hence i ^ j (mod ai). Moreover, i = 1 
(mod 02) and j = 2 (mod 02), hence i ^ j (mod 02). Therefore, vertices z and j are non- 
adjacent. 

Let S be a maximal stable set in G such that S' C S. We will show that |S| < 0102, which 
will establish the statement of the proposition. Suppose for a contradiction that |S| = a±a2- By 
Proposition 14.51 there exists a vertex x € S such that £(0, x) = (1,2). By the definition of £(0,x), 
we have x = 1 (mod ai) and x = 2 (mod 02). These congruences and the definitions of i and j 
imply that x = i (mod a\) and x = j (mod 02). Since x is non-adjacent to both i and j, we must 
have x = i (mod ai6i) and x = j (mod 0262). This implies the existence of integers A and /i such 
that x = i + Aai6i and x = j + /xci2&2- Therefore, 

j - i = \a\bi - /ia 2 &2 • (9) 

We have i = 1 (mod gcd(&i,62)) by the definition of i, while j = (mod gcd(&i,&2)) by the 
definition of j and congruence ([8]). Therefore, since gcd(&i,&2) > 1> we have j — i ^ 0gcd(&i,62)- 
On the other hand, gcd(6i,&2) divides both terms in the right hand side of equation ([9]), hence 
Aai6i - /ia 2 &2 = (mod gcd(&i, b 2 )). 

This contradiction shows that our assumption about the size of S was incorrect. □ 
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4.3 Proof of Theorem [4] 

Recall that Theorem 0] states that if G is a 2-paired connected and co-connected circulant of order 
n generated by a\, b±,a2, &2; then G is CIS if and only if gcd(ai&i, 0262) = 1- 

Proof (Theorem^. 

If n = 1 then a\ = b\ = 02 = 62 = 1 an d the statement of the theorem clearly holds. 

So let n > 2. By Proposition 13.31 the fact that G is connected implies that b\ > 2 or 62 > 2. 
If one of b\ and 62 is equal to 1, say 62 = 1 ? then b\ > 1 and Proposition 13.31 implies that ai = 1, 
contrary to the fact that G is co-connected and Proposition 13.51 Thereofore, 61 > 2 and 62 > 2, 
and, since G is connected, gcd(ai,a2) = 1 by Proposition 13.31 

Since G is co-connected, a\ > 2 and 02 > 2 by Proposition 13.51 

Now, let us argue that it suffices to prove the theorem for the case when n = lcm (ai b\, a^b-z)- 
Indeed, if d = lcm(ai6i, 02^2) < n, then Proposition 13.21 implies that G is isomorphic to the 
lexicographic product of the 2-paired circulant G' = C(d; a\, b±; 0,2, 62) an d the edgeless graph Sn. 
Assume that G 1 is CIS if and only if gcd(ai&i, CI2&2) — 1- Then, Corollary [1] and the fact that Sa is 

d 

CIS imply that G is CIS if and only if G' is CIS. Therefore, G is CIS if and only if gcd(ai&i, 0262) = 1- 
Let us now assume that n = lcm (a± b\, 0262)- We will now verify both implications of the 
equivalence. 

For the forward direction, assume that G be CIS. Assume indirectly that gcd(ai&i, CI2&2) > 1- 
Since G is CIS, Theorem [1] implies that all maximal cliques of G are of the same size. Therefore, 
since n = lcm(ai&i, CJ2&2), the condition in Corollary[2]holds, and since gcd(ai, 02) = 1 5 the condition 
can be simplified to gcd(a2, b±) = gcd(ai, 62). 

Since gcd(ai, 02) = 1, it must be the case that either gcd(ai, 62) = gcd(a2, 61) > 1 or gcd(6i, 62) > 
1. Suppose first that gcd(ai,&2) = gcd(a,2,&i) > 1. Let d = gcd(ai,&2). Then, d divides a\ as well 
as a,2, which contradicts gcd{a\,a2) = 1. 

Suppose now that gcd(ai,&2) = gcd(a2,6i) = 1. Then gcd(ai&i, 02^2) = gcd(6i,&2) > 1- On the 
one hand, Proposition 14.21 implies that all maximal cliques in G are of size 

tn , b 1 b 2 gcd(a 2 ,b 1 ) hb 2 , , 

gcd(oi6i,a 2 02j gcd(fti,6 2 ) 

On the other hand, Proposition 14.71 implies that G has a stable set S' of size 3 such that for all 
stable sets S with S' C S, it holds that \S\ < a±a2. Since G is CIS, Theorem [1] implies that all 
maximal stable sets of G are of the same size and consequently a{G) < a\d2- Thus, 

a{G)uj{G) < aia 2 lcm(6i, i> 2 ) = lcm(ai6i, 02^2) = n , 

contrary to Theorem [TJ 

For the converse direction, suppose that gcd(ai6i, 02^2) = 1- By Proposition 14.21 all maximal 
cliques are of size uj(G) = b\b2- By Proposition 14.61 an maximal stable sets are of size a{G) = a\02- 
Consequently, 

a(G)uj(G) = a 1 fe 1 a 2 62 = gcd(aibx, a 2 62)lcm(ai6i, a 2 &2) = n , 

and Theorem [1] implies that G is CIS. 

This completes the proof of Theorem HI □ 
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5 P^-free circulants 



Let us recall the following well-known characterization of the i-4-free graphs and its corollaries. 

Proposition 5.1 ([9| 121 4 f22 | I33j). A graph G is P^-free if and only if for every induced subgraph 
F of G with at least two vertices, either F or its complement is not connected. 

Proposition 5.2 (see, e.g., [E]). The class of P^- free graphs is closed under lexicographic product. 

Proposition 5.3. Every 1-paired circulant is P^-free. 

Proof. We will show the theorem by induction on the number of vertices. For n = 1, the statement 
is trivially true. 

Let G = C(n;a,b) be a 1-paired circulant on n > 1 vertices, and suppose that the statement 
of the theorem holds for all graphs on less than n vertices. If b = 1 then G is edgeless, and hence 
P 4 -free. So let b > 2. 

If a = 1 then G is not co-connected, and by Proposition 13.51 its complement G is isomorphic to 
the lexicographic product of the edgeless graph Sb of order b and the complement of the 0-paired 
circulant of order n/b, that is, the complete graph K n j b of order n/b. Since edgeless and complete 
graphs are i-4-free, so is G, by Proposition 15.21 Since the graph P4 is isomorphic to its complement, 
the P^-fiee graphs are also closed under taking the complement and hence G is P4-free as well. 

If a > 1 then G is not connected, and by Proposition 13.31 G is isomorphic to the lexicographic 
product of the edgeless graph S a and the 1-paired circulant C(^; 1,6). By induction, the 1-paied 
circulant C(^; 1,6) is P4-free. Hence, G is i-4-free by Proposition 15.21 □ 

Propositions 15.31 and 11.41 imply Theorem [2j 

Theorem [2]. Every 1-paired circulant is CIS. □ 

Remark 4. Theorem^ and Proposition \5.3\ are best possible, in the sense that not every 2-paired cir- 
culant is CIS. For example, the 2-paired circulant C(12; 2, 2; 3, 2) is connected (by Proposition ^. 3]) 
and also co-connected (by Proposition \3. 5j) . However, by Theorem^ it is not CIS (cf. Example 1 
on p. E|). 

Theorem 5. Every P^-free circulant is paired. 

Proof. We will show the theorem by induction on the number of vertices. For n = 1, the statement 
of the theorem clearly holds. 

Let G be a P4-free circulant on n > 1 vertices, and suppose that the statement of the theorem 
holds for all graphs on less than n vertices. By Proposition 15-H either G or its complement 
is not connected. Suppose first that G is not connected. Then, by Lemma [2j G has exactly 
d = gcd(L> U {n}) connected components, where D is a distance set of G, and every connected 
component of G is isomorphic to C n u(D/d). The graph C n u(D/d) is a P4-circulant, hence, by 
induction, C n / d (D/d) is /c-paired for some k, say C n / d (D/d) = C(n/d; a%, 61; ...; a^, 6^). Since G 
is the lexicographic product of 5^ = C(d;0) and C(n/d\a\,b\\ . . . ;ak,bk), Proposition 13.11 implies 
that G is isomorphic to the fc-paired circulant C(n; da±, b±; ... , dak,bk). 

Suppose now that the complement of G is not connected. Then, again by LemmaEl there exists 
an integer d > 1 such that G has exactly d connected components, each of which is isomorphic to 
some circulant H. Since the complement of H is a i-4-free circulant on less than n vertices, the in- 
ductive hypothesis implies that H is ^-paired for some k, that is, that H = C(n/d; ax, b±; . . . , a^^bk) 
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for some positive integers a\ , b\ , . . . , a^, . Since G is isomorphic to the lexicographic product of 
the complete graph Kj, = C(d; 1, d) and H = C(n/d; a\, b\; . . . , a^, Proposition 13. II implies that 
G is isomorphic to the (k + l)-paired circulant C(n; 1, d; da±, b±; ... , dak, bk). □ 

Remark 5. Theorem^ shows that every P^-free circulant is paired. The converse is not true, as 
shown by the 2-paired circulant C(36; 2, 2; 3, 3). This motivates the following question: Given a 
paired circulant G, how can we determine whether G is P^-free? Propositions 13.3 1 and \3.3\ provide 
a recursive decomposition procedure of a given paired circulant G into connected components of G 
or its complement. Proposition \5.1\ implies that this procedure gives an efficient way of determining 
whether a given paired circulant is P^-free: A paired circulant G is P^-free if and only if G can be 
decomposed into copies of 1-vertex paired circulant C(1;0). 

Proposition 5.4. For every k, there exists a P^-free circulant that is not k-paired. 

Proof. Let pi,P2,P3, • • • be an enumeration of all primes. For every positive integer n, let Q n = 
K p2n _ 1 [S P2n ], that is, Q n is the lexicographic product of the complete graph of order P2n-i and the 
edgeless graph of order pm- Notice that Q n is of order q n = pm-xVin- Let us define a sequence of 
circulants {G n } n >i recursively as follows: 

• G\ = Qi, and 

• for n > 2, let G n = Qn[G n -i] be the lexicographic product of Q n with G n -i- 

An induction on n together with Proposition 15.21 implies that every G n is P^free. Induction on n 
and Proposition 11.21 show that G n = C gn (l)( n )) where g n = JliLi Qi an d the distance set can 
be computed recursively using the formulas 

D {1) = [gi}\ P i[p2] 

and 

D (n) = {[g n ] \p2n-l\9n-W2n)) U q n D^ . (10) 

It follows from the above formulas that G n is an n-paired circulant of order g n generated by 
(ax, bi), . . . , (a n , b n ) where for each i € [n], we have aj = LJ"_^ +1 qj (with a n = 1) and bi = P2%-\- 

We will prove by induction on n that for every n > 1, graph G n is not (n — l)-paired. 

For n = 1, the fact that G\ is not 0-paired follows from the fact that the only 0-paired circulants 
are the edgeless ones, and G\ is not edgeless. Now, let n > 2, and suppose inductively that graph 
G n -i is not (n — 2)-paired. 

To show that G n is not (n — l)-paired, it is sufficient to show that the distance set cannot 
be represented as the union 

p 

£)(») = [J A , where A = \d G [g n - 1} : a, \ d and Qift/d} (11) 
i=i 

for some positive integers a±, Pi, . . . , a p , /3 p where p < n — 1. Indeed, the result of the proposition 
will then follow by applying a result of Muzychuk [29] stating that if N is a positive integer not 
divisible by the square of any prime number, then any two circulants of order TV that are isomorphic 
have the property that their distance sets D and D' satisfy D' = qD where q € {1, 2, . . . , N — 1} 
such that gcd(<7, N) = 1. In our case, we have N = g n , which by construction is not divisible 
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by the square of any prime. Moreover, if D' = qD for some q as above, then it is easy to verify 
that if Cm{D) is a fc-paired circulant generated by (oi, 61), . . . , (a^, &&) then so is Cn(D'). (In fact, 
D' = D.) 

Suppose for a contradiction that D^ n > can be represented as the union as in (jlip with p < n — 1. 
Among all such representations, take one with minimum p. Since 1 € and P2n-\ D^ n \ there 
exists an i € [p] such that Qj = 1 and = P2n~\- Without loss of generality we may assume that 
dp = 1 and j3 p = pin-\- Consequently, D p contains all distances in Z)( n ) that are not divisible 
by P2n-i- By the minimality of p, all other D^s contain distances divisible by P2n-i- In fact, 
since all distances in that are divisible by P2n-\ are also divisible by q n = P2n-iP2n, every 
cti for i € {1, . . . ,p — 1} can be written in the form oil = g n c^ for some positive integer a[. By 
equation (jlOp . is the disjoint union of D p and q n D^ n ~ l \ This implies that 

p-i 

D (n-i) = \Jd[, where D[ = {d G [ 5n _! - 1] : a- | d and a-/3Jd} , 

that is, that the graph G n _i is a — l)-paired circulant (generated by (a' l5 /3i), . . . , («p_ l5 

This is a contradiction with the fact that p — 1 < n — 2 and the inductive hypothesis that G n _i is 

not (n — 2)-paired. □ 

6 Open questions and problems 

It is not known whether the following statements are true or false: 

• Every CIS circulant can be obtained from the 2-paired CIS circulants by taking the comple- 
ments and lexicographic products. 

• For every CIS circulant G, either G or its complement G is paired. 

• Isomorphic circulants C n (D) and C n (D') either both are fe-paired or both are not, for any 
fixed k. Clearly, this conjecture holds for the so-called Caley isomorphisms, D — > iD (mod n), 
where gcd(i, n) = 1. However, for some isomorphic pairs there exist other isomorphisms [29] , 

• For (i) paired, (ii) fe-pared, and (iii) CIS circulants there exist only Caley isomorphisms. 
The following questions are also open: 

• Which /c-paired circulants are CIS? The answer is known only for k < 2. 

• How difficult is it to determine whether a given circulant C n (D) is (i) paired? (ii) A:-paired? 
(iii) CIS? 

Let us remark that the recognition problem of well-covered circulants is co-NP-complete [8]. 

Another research direction is extending the results obtained in this paper to Cayley graphs of 
other groups. 
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Appendix: More about CIS graphs 

Let us notice that the graph P4 itself is not a CIS graph. Indeed, let E(P^) = {v±v[, v^v^, v' 2 V2}, 
then S = {t>i, V2} and C = {v[, v' 2 } are disjoint maximal stable set and maximal clique, C D S = 0. 

However, P4 is an induced subgraph of a CIS graph A of order 5 defined by the edge-set 
E(A) = {viv[, Viv'2, v' 2 V2, vov[, vqv 2 }. It is easily seen that A is a CIS graph and, by construction, 
P4 is the subgraph of A induced by V(P<C) = {v%, v[, v' 2 , V2} = V(A) \ {vo}. Graph A is called the 
bull-graph or the A-graph. 

This simple example shows that the family of CIS graphs is not hereditary, that is, not closed 
under taking induced subgraphs. Moreover, the following observation was proved in [2]. 

Proposition 6.1. Every graph G is an induced subgraph of a CIS graph G' . 

Proof. Let us extend every maximal clique C of G by a new (simplicial) vertex vc that is connected 
in G' to all vertices of C and to no other. By construction, the obtained graph G' contains G as 
an induced subgraph. Furthermore, it is easy to verify that G' is CIS. □ 

Let us make the following remarks: 

• We do not need to extend C whenever it already has a simplicial vertex in G. In particular, 
such an "economical" extension of P4 results exactly in the yl-graph. 

• The order of G' may be exponential in the order of G. 

• One can get another CIS extension of G by complementing an extension of its complement. 

The above CIS extension of P4 can be generalized as follows. A k-comb is a graph with 2k 
vertices, F(-Bfc) = {vi, v' k }, and the edge-set E(Bk) such that S = {v\, . . . , Vk\ is a 

stable set, C = {v[, . . . , v' k } is a clique, {t> j, v\ \ i € [k] = {1, . . . , k}} is a matching, and there are 
no moore edges, that is, \E{B^)\ = ( 2 ) + k = k(k + l)/2. Let us extend B^ adding to it one vertex 
vq and k edges vqv[ for all i G [k], and denote the obtained graph by D^. It is easily seen that 
is CIS and, by construction, B^ is the subgraph of induced by V{Dk) \ {vq} = V(Bk). Graph 
Dfc is called a settled k-comb. 
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The complementary graphs Bk and D k are called an anticomb and settled anticomb, respectively. 
For example, P4 is a 2-comb and /c-anticomb simultaneously. However, for k > 2 the /c-comb and 
/c-anticomb are not isomorphic. 

Let us also notice that in a /c-comb, as well as in a /c-anticomb, all ^-combs and ^-anticombs are 
settled, for every i < k. 

The following condition, obviously, is necessary for the CIS property to hold; see, e.g., [2]. 

Proposition 6.2. Every induced k-comb (respectively, k-anticomb) of a CIS graph G is an induced 
subgraph of a settled induced (k + l)-comb (respectively, (k + 1)- anticomb) of G; in other words, 
every comb and anticomb must be settled in G. □ 

For k = 2 this observation means that in a CIS graph each induced P4 must be settled by an 
A-graph. Probably, Berge was the first who noticed it in 70s; see [37] for more details. 

Example. In 1994, Holzman demonstrated that the above condition is only necessary but not 
sufficient for the CIS property to hold. Let us consider + (1) = 10 + 5 = 15 vertices 

V = {vij,v k I i,j,k£ [5] = {1,2,3,4,5},* + j}, 

and define the edge-set E such that the first ten vertices, {vij | i,j 6 [5],i 7^ j}, form a clique C, 
the last five {vi- \ k 6 [5]} form a stable set S, and a pair VijU^ is an edge if and only if k £ {i,j}- 
It is not difficult to verify that in the obtained graph H all combs and anticombs are settled. 
For example, the 3-anticomb induced by {i>i2, V13, ^23, ^3} is settled by V45, while the A-comb 

induced by {i>i2, 1>13, «14, ^14 ; ^3) V4, V5} is settled by v\. Clearly, H contains no 5-combs or 4- 
anticombs. It is also easy to check that every 2-comb in H is settled. However, H is not CIS, since 
the clique C and stable set S are maximal and C n S = 0; see Jl|/ for more details. 

The following theorem provides sufficient conditions for the CIS property to hold. It was 
conjectured by Chvatal in 90s and proved in |16| I17| and then independently in [2]. Both proofs 
are lengthy and technical. 

Theorem 6. A graph G is CIS if it contains no induced 3-combs and anticombs and every induced 
2-comb in it is settled. □ 

It is not known whether the following weaker conditions are still sufficient for the CIS property 
to hold for a graph G: (i) all induced 2-combs, 3-combs, and 3-anticombs are settled and there are 
no induced 4-combs and 4-anticombs in G; (ii) all induced combs and anticombs are settled and 
there is no induced Holzman graph H in G. 

Thus, currently, no good characterization or recognition algorithm for the CIS graphs is known. 
One can notice certain similarity to the perfect graphs, replacing the combs and anticombs by the 
odd holes and antiholes. Yet, unlike the CIS graphs, perfect graphs form a hereditary class. 

In contrast, the next class admits a very simple characterization (which is not easy to prove, 
yet). A graph is called almost CIS if every its maximal clique C and maximal stable set S intersect, 
except for a unique pair, Co and So- Somewhat surprisingly, the next characterization hods. 

Theorem 7. Graph G = (V, E) is almost CIS if and only if 'V = Co U So, where Co is a maximal 
clique, So is a maximal stable set, and Co Pi So = 0; or, in other words, if and only if G is a split 
graph with a unique split partition. 

This claim was conjectured and some partial results obtained in [6]. Then it was proved in [36] . 
In particular, this theorem implies that every split graph is either CIS or almost CIS. 
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